Liquid-liquid phase separation [1, 2] occurs not only in bulk liquid, but also on surfaces. In physiology, the nature and functions of condensates on cellular structures remain unexplored. Here, we study how the condensed protein TPX2 behaves on microtubules to initiate branching microtubule nucleation [3] [4] [5] , which is critical for spindle assembly in eukaryotic cells [6-10].
centration. A stochastic model shows that droplets make branching nucleation more efficient by confining the space along the microtubule where multiple necessary factors colocalize to nucleate a branch.
Branching microtubule nucleation plays a major role in spindle assembly and chromosome segregation in dividing eukaryotic cells, where it is required to generate microtubules in the spindle for kinetochore fiber tension, spindle bipolarity, and cytokinesis [6] [7] [8] [9] [10] . Its malfunction has been linked to a worse prognosis in cancer [13, 14] . The nucleation of a new microtubule from the side of a preexisting microtubule requires TPX2, the augmin complex, and the γ-tubulin ring complex (γ-TuRC) [3] . The first component to bind to the preexisting microtubule is TPX2 [4] , which forms a liquid-like condensate on the microtubule that recruits tubulin and increases branching nucleation efficiency [5] .
Other proteins also form condensed phases when associated with microtubules, such as Tau [15, 16] and BugZ [17] . Yet, how these proteins behave on the microtubule surface and how this behavior translates to biological function remain unexplored. Here, we investigate the dynamics of condensed TPX2 on the microtubule. We find that the hydrodynamic Rayleigh-Plateau instability causes TPX2 to form regularly spaced droplets along the microtubule. Then, microtubule branches nucleate from these droplets.
We first studied the dynamics of TPX2 binding to microtubules in vitro using total internal reflection fluorescence (TIRF) microscopy ( Fig. 1a, Methods) . GFP-TPX2 at a concentration of 1 µM formed an initially uniform coating along the microtubule within seconds. This coating then broke up into a periodic pattern of droplets over tens of seconds with size 0.6 ± 0.2 µm and spacing 0.6 ± 0.1 µm (mean ± standard deviation, N = 5) along the microtubule (Movie 1). We next performed the same experiment at a lower, physiological concentration of TPX2, 0.1 µM [5, 19] . We observed a uniform coating but no visible droplet formation (Fig. S1a ). In contrast, at higher resolution, electron Branched microtubules nucleating from TPX2 droplets formed along the initial mother microtubule, assembled in vitro as in [18] (Movie 2). Recombinant GFP-augmin and γ-TuRC purified from X. laevis meiotic cytosol were included. Arrows indicate branched microtubules. Scale bars are 5 µm (top) and 1 µm (bottom). Only the soluble tubulin channel was imaged over time to enable higher framerate. microscopy (Methods) revealed that regularly spaced droplets do form at 0.1 µM, with size 0.29 ± 0.03 µm and spacing 0.46 ± 0.11 µm (mean ± standard deviation, N = 2) ( Fig. 1b ).
This indicates that these droplets can exist below the diffraction limit of visible light.
We then reconstituted branching microtubule nucleation in vitro using purified proteins [18] (Methods) and observed that branches originate from TPX2 droplets colocalized with augmin and γ-TuRC (Fig. 1c , Movie 2) . Finally, in meiotic cytosol (Methods), microtubules also nucleate from a TPX2-coated microtubule to form a branched network ( Fig. S1b, Movie 3) . These results suggest that droplet formation from condensed TPX2 may be important for branching microtubule nucleation.
We wished to study the dynamics of droplet formation of TPX2 alone at higher spatial resolution than available by fluorescence microscopy and with temporal resolution not accessible by electron microscopy. Therefore, we turned to atomic force microscopy (AFM)
to measure the topography of the initial coating and subsequent beading up of TPX2 on microtubules (Methods). By scanning the AFM tip over the sample every 4 minutes, with a resolution of 8 nm in the sample plane and 1 nm in height, we measured the height of a bare microtubule on a mica surface to be 25 ± 2 nm (mean ± standard deviation) ( Fig. 2a −5 min, Fig. 2b black line), consistent with the known diameter of 25 nm [20] . We then added TPX2 at a concentration of 0.2 ± 0.1 µM (estimated range). Within a minute of TPX2 addition, the height signal uniformly increased to 41 ± 3 nm (mean ± standard deviation) as the condensed protein coated the microtubule ( Fig. 2a 0 min, Fig. 2b blue line). The film of TPX2 then proceeded to break up into droplets along the microtubule with spacing 250 ± 35 nm (mean ± standard error of the mean) ( Fig. 2a 60 min, Fig. 2b red line, Movie 4). This emergent periodicity is evident in the power spectrum of the height profile along the microtubule averaged over many samples (Fig. 2c ). The power spectrum shows no characteristic length scale before and immediately after coating with (A) Time-lapse AFM topographies of TPX2 uniformly coating and then forming regularly spaced droplets on a microtubule (Movie 4). GFP-TPX2 at 0.1 ± 0.2 µM (estimated range) was spiked onto microtubules adhered to a mica surface during data acquisition. Scale bar is 100 nm. (B) Height profiles centered on the microtubule long axis before coating (black), just after coating (blue), and when droplets have formed on the microtubule surface (red). Height profiles were smoothed using a moving-average window of 40 nm. (C) Averaged power spectra calculated from the height profiles across many microtubules for uncoated (black, N = 22), uniformly coated (blue, N = 23), and droplet-patterned microtubules (red, N = 17). A peak is seen only in the data for droplet-patterned microtubules, corresponding to a droplet spacing of 260 ± 20 nm (mean ± standard deviation).
Shaded regions are 95% bootstrap confidence intervals. TPX2, whereas a peak with wavelength 260 ± 20 nm (mean ± standard deviation) has clearly emerged by 60 minutes. The longer time scale to form droplets and the different spacings between droplets in AFM experiments compared to fluorescence experiments is due to the different biochemical components used in each experimental method (Table   S1 ).
Fluids that coat a solid fiber are known to form droplets via the Rayleigh-Plateau instability [11] . The film is unstable against surface tension due to the curvature of the filament surface and minimizes its surface area by forming periodically spaced droplets along the fiber [12, [21] [22] [23] . Following Goren [21] , but working directly at low Reynolds number as is appropriate for our experimental system, we solved a linear stability problem for the growth rate σ of the droplet pattern as a function of the wave number k = 2π/λ, where λ is the pattern wavelength ( Fig. 3a, Fig. S2 , Supplement 1.1). We find that for a given ratio of the microtubule radius to the outer film radius, r i /r o , there is a wavelength λ max that grows with the largest growth rate σ max (Fig. 3b ). This wavelength will grow exponentially faster than all other wavelengths, leading to a periodic interface with wavelength λ max . Thus, we identify the thicker regions of the AFM height profiles as droplets formed by this instability.
We tested the ability of this theory to explain droplet formation on microtubules by measuring the droplet spacings at different bulk concentrations of TPX2. The radius of the microtubule is fixed at r i = 25 nm. However, the thickness of the initial TPX2 film depends on its bulk concentration in solution and the density of microtubules ( Fig. S3 , Supplement 1.2). Exploiting this experimental fact, we changed the initial film thickness from h = 13±2 nm at 0.1±0.05 µM TPX2 to h = 22±1 nm at 0.8±0.4 µM TPX2 (mean ± standard deviation and estimated range, respectively) for a fixed microtubule density.
The lower concentrations are physiological in healthy cells. The higher concentrations TPX2 initially coats the microtubule uniformly with thickness h = r o − r i . This film breaks up into droplets with spacing λ max due to capillary forces on a time scale r o µ/γ, where µ is the condensate viscosity and γ is the surface tension. (B) Dispersion relation showing the growth rate versus wave number for different aspect ratios r i /r o . The most unstable mode (black circles and line) grows most quickly and corresponds to the observed droplet spacing λ max . (C) λ max plotted against the initial film thickness h (black line). Overlaid are AFM measurements of the film thickness and droplet spacing for many microtubules over a range of TPX2 concentrations. There are no fit parameters. Error bars are standard error of the mean. For each concentration, we also plot the corresponding average power spectra ( Fig. S4a ). may reflect overexpression in cancer tumor cells, in which TPX2 often has higher genetic copy number [24] and transcript and protein expression [13, 25] , and can be a negative prognostic indicator [14] . TPX2 formed regularly spaced droplets along microtubules with consistently larger spacings λ max as its bulk concentration increased, following theory ( Fig. 3c, Fig. S4a , Table S2 ).
The theory is purely geometric and has no free parameters. The predicted wavelength does not depend on the material properties of the TPX2 condensate such as viscosity or surface tension, which only set the timescale for pattern formation. We note that our theory systematically predicts a larger wavelength than we measure. This is due to the adjacent surface underneath the microtubules during AFM imaging. The surface reduces the volume of fluid that can coat the microtubule; since λ max ∼ h ∼ V 1/3 , a smaller volume produces a smaller wavelength. We also measured the growth rate of λ max to be exponential at early times, as expected for a linear instability ( Fig. S4b ). In addition, we justify why the time to form droplets is 2-3 orders of magnitude greater than the time to grow the initial film (Supplement 1.2). At later times, the spectral power levels off due to nonlinear forces as the pattern sets in. As a control, kinesin-1, a motor protein that does not exist as a condensed phase in any known physiological context and whose binding site on the microtubule is structurally known [26, 27] , did not exhibit hydrodynamic behavior on the microtubule (Fig. S4a ).
How might TPX2 droplets facilitate branching microtubule nucleation? Noting that the process requires the coordinated action in time and space of at least two additional factors, augmin and γ-TuRC, we first imaged the localization of γ-TuRC on microtubules in the presence of TPX2 and augmin using electron microscopy. We found that multiple γ-TuRCs cluster inside TPX2 droplets ( Fig. 4a ), consistent with a recent report [18] . The first step in branching is the binding of TPX2 to the microtubule, which then localizes (A) Electron microscopy images show ringshaped γ-TuRCs (black arrows) localizing to regularly spaced TPX2 droplets along the microtubule in the presence of augmin. Scale bars are 100 nm.
(B) Schematic of branching factors binding to a microtubule coated with a uniform TPX2 layer versus periodic TPX2 droplets. (C) Monte Carlo simulations show that droplets colocalize two necessary factors faster than a uniform coating. Here, k on l/k off = 10. These results are not sensitive to this parameter choice ( Fig. S5 ).
Each datapoint is the average of 10 7 independent simulations. the other factors [4] . As such, we hypothesized that regularly spaced TPX2 droplets lead to more efficient colocalization of factors than a uniform coating ( Fig. 4b ). For a uniform coating, multiple factors must search a greater length along the microtubule before finding each other to nucleate a new branch. With regularly spaced droplets, the explored distance is shorter, which reduces the search time. We performed kinetic Monte Carlo simulations [28] for two factors binding to (with rate k on ) and unbinding from (with rate k off ) a microtubule of length l with a uniform TPX2 coating and a periodic pattern of TPX2 droplets (Supplement 1.3). These results show that the time to colocalize τ on the microtubule, and hence for nucleation of a new branch, is smaller for droplets than for a uniform layer ( Fig. 4c, Fig. S5 ). To assess this model, we used AFM to measure the topography of a C-terminal fragment of TPX2 on microtubules. This fragment is less efficient at nucleating branches in cytosol [5] . Consistent with our model, it did not form droplets on microtubules ( Fig. S4a ). Thus, in addition to TPX2 recruiting tubulin [5] and being highly concentrated as a condensate (Supplement 1.2), its organization into droplets partitions the microtubule so that multiple factors can more easily find each other. Taken together, this establishes how TPX2s phase behavior enhances branching kinetics.
As the study of liquid-like protein condensates has intensified [1, 2] , the physical phenomenology has been dominated by optical observations of droplets in solution. Here, we quantitatively demonstrate the emergence of non-trivial hydrodynamic features such as films and spatiotemporal periodic instabilities that arise when a condensate interacts with a filament. We suspect that such physics could manifest itself in other ways when condensates interact with cellular filaments, such as via elastocapillary effects [29] that could produce forces between cytoskeletal filaments or other semi-flexible macromolecules such as RNA and DNA [30] . Figure S2 . The Rayleigh-Plateau instability. The viscosity of the condensed film is µ, γ is the surface tension of the interface, and p ∞ is the far field pressure provided by the solvent. The microtubule has radius r i . Initially, the interface is flat at ξ (z, t = 0) = r o , but this scenario is unstable against the capillary pressure γ/r o , so ξ (z, t) will evolve to a lower energy state. The unit normal n and unit tangent t track the geometry of the interface during its evolution. Figure S3 . Growth of the condensed film. (A) Schematic of the model for growth of the condensed protein film. Microtubules of radius r i are spaced periodically by a distance 2R, wherē R = 1/ √ πnl where l is the typical microtubule length and n is the number density of microtubules. Soluble protein phase separates from solution and nucleates a spatially uniform condensed film on the microtubule surface, whose interfacial position we denote by r = ξ (t). (B) Final film thickness h versus initial concentration c 0 as measured by atomic force microscopy (blue) and as predicted by equation (19) Figure S4 . Average power spectra from AFM data for all concentrations of TPX2 and for uncoated, initially TPX2-coated, C-terminal-TPX2-bound, and kinesin-1-bound microtubules. The growth of the instability for early times is exponential. (A) Peaks indicate characteristic wavelengths that correspond to a typical droplet spacing (Table S2) we proceed to analyze the stability of a condensed film of thickness h on a microtubule of radius r i (Fig. S2 ). The nanometric length scales of the system are such that inertial effects are completely negligible, and so our starting point is the Stokes equations
Fig. S2
for the velocity u and pressure p fields, where µ is the viscosity of the condensate. This simplified starting point is the only difference between our derivation and that in [21] .
For the boundary conditions at r = r i we require no-slip on the microtubule surface
At the interface r = ξ (z, t) between the film and the surrounding fluid, we assume that the viscosity of the solvent µ s is much less than µ, which is an excellent assumption for condensed proteins [31] . Hence, we can write for the tangential stress condition
where τ = µ ∇u + ∇u T is the viscous stress tensor. n = (e r − ξ e z ) / 1 + ξ 2 is the unit normal and t = (ξ e r + e z ) / 1 + ξ 2 is the unit tangent expressed in local cylindrical coordinates with e α · e β = δ αβ , where ξ = ∂ z ξ. When the interface is crossed, there is a
Young-Laplace jump in the normal stress due to the surface tension γ of the form
where σ = −pI + τ is the total stress. Lastly, we account for the kinematic condition that the interface advects with the flow
which closes the problem.
To make progress, we assume that all motions are axisymmetric by the symmetry of the cylindrical geometry, so that u φ = 0 and ∂ φ → 0. In this case we can introduce the stream function ψ by u r = (1/r) ∂ z ψ and u z = − (1/r) ∂ r ψ, which automatically satisfies
Taking ∂ z of equation (6a) and equating it to ∂ r of equation (6b) furnishes, after simplification, the fourth-order equation
where
The equilibrium solutions that satisfy equation (7) and boundary conditions (2-5) are ψ = 0, p = p ∞ + γ/r o , and ξ = r o . We now perform a linear stability analysis about these equilibrium fields by positing the expansions
where we interpret the hatted quantities as small perturbations to the equilibrium solutions, and hence we will retain at most up to linear order in hatted quantities. Therefore, by linearity, we can conduct the analysis for each mode k separately, with the end goal being to arrive at the dispersion relation σ = σ (k).
Substituting equation (8) into equation (7) results in
To solve equation (9), we construct the solu- (2) k = rI 1 (qr) + rK 1 (qr), where we will let q → k. The particular solution is found by inspection to beψ
). We perform the necessary limit by letting q = k + and taking → 0. Extracting the only surviving linearly independent terms, while renormalizing integration constants where necessary, furnishes the particular solutionψ (2) k = r 2 I 2 (kr) + r 2 K 2 (kr). Hencê
where the integration constants A, B, C and D are to be determined by the boundary conditions (2) (3) (4) (5) .
It is now convenient to define the dimensionless variables K = kr o , Σ = µr o σ/γ, and S = r i /r o . We substitute the stream function (10) into the no-slip condition (2), resulting in
whereC = Cr o andD = Dr o . Substituting the expansion (8) into the tangential stress condition (3) while retaining only the leading-order terms, then using the stream function (10) gives
Next, we substitute the expansion (8) into the normal stress condition (4), replacingp k withψ k by taking ∂ z of equation (4) and using equation (6b). We then replaceξ k byψ k using the kinematic condition (5) . The leading order result is
Equations (11) (12) (13) are a set of four linear equations for the constants A, B,C, andD.
For there to be non-trivial solutions, we require that the matrix of the linear system has vanishing determinant. This condition establishes the dispersion relation between Σ and K,
and
The observed dimensionless wavelength Λ max corresponds to the maximal growth rate, i.e., Λ max (S) = 2π/argmax K Σ (K; S), and it depends only on the geometric parameter S (Fig. 3b ).
We now comment on possible sources of the systematic disagreement observed between our prediction Λ max = Λ max (S) and the experimental data measuring λ max versus h (Fig. 3c ). One might suspect that the rheology of protein condensates is not truly Newtonian, and that viscoelastic effects might play a role [32] . However, it has been shown that such effects are subdominant on wavelength selection in this instability, even at high
Weissenberg number, which measures the magnitude of elastic effects. Finite viscoelasticity only "swells" the droplets without affecting their peak-to-peak spacing, as well as slows down the instability time scale [22] . The more likely culprit is that we observe the instability for microtubules sitting on a flat surface, thus breaking the symmetry assumed by our theory. Intuitively, the presence of the surface decreases the total volume of fluid coating the microtubule, and since λ max ∼ h ∼ V 1/3 (Fig. 3c ), we expect that the presence of the surface will decrease the observed droplet spacing λ max . This argument is sufficient to rationalize why our theory systematically over-predicts the droplet spacing λ max given an initial coating thickness h.
Nucleation and growth of the condensed film
In Supplement 1.1, we assumed that the nucleation and growth of the condensed film on the microtubule occurred much faster than the subsequent Rayleigh-Plateau instability, and so we neglected it in our hydrodynamic model. This is indeed what we observe experimentally. Here, we explicitly consider the nucleation and growth dynamics, thereby elucidating the precise conditions where we expect the observed time scale separation to hold.
We consider a suspension of microtubules in a pool of soluble protein, whose concentration field we denote c = c (x, t). In our experiments, we spike in protein at a concentration c (x, t = 0) = c 0 , where c 0 is large enough such that there is a thermodynamic driving force for the soluble protein to phase separate into a protein-rich condensed phase of concentration c R and a protein-poor "gas" phase of concentration c P , where c P < c 0 < c R .
c P and c R are constrained by the lever rule and are in general functions of c 0 [33] . For simplicity we take each microtubule to be periodically spaced by a distance 2R, so that the number density of microtubules in solution is n = 1/πR 2 l (Fig. S3a) . Given this geometry we can also assume radial symmetry throughout: c = c (r, t) only.
At t = 0, phase separation begins, and the microtubules offer sites for heterogeneous nucleation of the condensed phase. For simplicity we neglect any homogeneous nucleation of condensed protein droplets in the bulk. We assume that all of the initial soluble protein pool eventually contributes to the condensed film on the microtubules, effectively reaching c P = 0, which is a nonessential but mathematically simplifying assumption in polymer phase separation [34] . As a check, we compute the ratio of fluorescence intensities between condensed TPX2 on the microtubule versus background soluble TPX2 (Fig. S1a ), finding c P /c R between 10 −2 and 10 −1 over all tested concentrations, consistent with our assumption.
We consider the transport of soluble protein towards the condensed film to be diffusive, so that ∂ t c = D∇ 2 c in the bulk, where D is the diffusivity constant of the soluble protein.
We denote the position of the film interface as r = ξ (t), which will grow in time as soluble protein from the bulk diffuses onto the film. Hence we can write the global mass balance
where in going from equation (18a) to equation (18b) we integrate in time and apply the initial conditions c (r, t = 0) = c 0 and ξ (t = 0) = r i . By just considering equation (18b) we see that the final film thickness h = ξ (t → ∞) − r i is reached after depleting the condensable solute c (r, t → ∞) → 0. Therefore
where we have defined the final position of the film interface as r o for later convenience.
The main feature of (19) is that it predicts the film thickness h to be an increasing function of protein concentration c 0 and a decreasing function of microtubule density n.
To check if the relationship h = h (c 0 ) as specified by equation (19) is consistent with our experimental AFM observations, we plot measured values of h against c 0 and fit the data to equation (19) (Fig. S3b) . In doing so we neglect the dependence of c R on c 0 . We observe qualitative agreement, suggesting that the final film thickness is indeed set by depletion of locally condensable solute.
At r = ξ (t) there is a sink of soluble protein as it is adsorbed onto the condensed film, and so we demand that c (r = ξ, t) = 0, which enforces the driving force for the soluble protein to diffuse towards the film. Due to our assumption of a periodic array of microtubules, we can additionally enforce the symmetry condition ∂ r c r =R, t = 0. 
where β = c 0 /c R is a thermodynamic parameter, S = r i /r o is a geometric ratio, and M = r o /R is a measure of the microtubule density. For the remainder of this section we take M = 1/10. However, equation (19) relates these parameters, so only two are independent. Squaring equation (19) , dividing through byR 2 , and using the definitions for β, S, and M gives, after rearrangement,
In our AFM experiments described in the main text, we directly measure S and fix M , and so the only value of β self-consistent with our theory is given by equation (21) 
J p and Y p are Bessel functions of the first and second kind of order p, respectively. This is to say that for every I = I (T ) there is a corresponding set of eigenvalues λ n . We also note that, for any choice of I, λ 1 < λ 2 < . . .. We find that f T = e −λ 2 n T , so that the solution may be represented by
where the a n are chosen to satisfy (20b) and are calculated using orthogonality of the eigenfunctions under the inner product f, g = 1 M I RdR f g. We find a n = φ n , 1 / φ n , φ n , where
Upon substitution of the expansion (23), the integral constraint (20f) becomes
The solutions C (R, T ) and I (T ) are constructed in the following self-consistent way.
For every time T we numerically compute the zero of F (I) defined by equation (26). This
gives the value of I that satisfies the integral constraint, which then fixes the values of λ n by equation (22) . Hence, the solution C (R, T ) is fully determined by the expansion (23) .
We plot the position of the film interface I (T ) for various S within our experimentally probed range (Fig. S3c ).
Equation (26) is a nonlinear, implicit relation for I (T ), and therefore admits no succinct closed form solution. However, we can derive explicit asymptotic representations for I (T ) working in the early and late time limits.
For early times t → 0, the soluble bulk has hardly been depleted, so it is as if the film grows in an unbounded medium of solute. Therefore we may replace the integral
which is the statement that the film grows due to the diffusive flux of solute at r = ξ (t).
Moreover, the film interface is far from reaching its final value r o , so to analyze this limit we choose the different rescaling X = r/r i − 1, δ = ξ/r i − 1, andT = t/(r 2 i /D). This rescaling measures distances from the surface of the microtuble, so that δ 1 forT → 0.
Hence the boundary value problem appropriate for early times becomes
We now introduce the similarity transformation η = X/δ and demand that C = C (η)
only. Under these conditions equation (28a) becomes
where (.) = d(.)/dη. ForT → 0, η = O (1) near the film and δ 1, hence we can neglect ηδ compared to 1. Doing so and rearranging gives
On physical grounds we assume the ordering O dδ/dT > O (δ), so we can again ignore the isolated δ to find
To satisfy C = C (η) only, we are forced to choose δdδ/dT = b for some constant b
to be determined self-consistently later. Using the initial condition (28e) this equation
integrates to δ = 2bT , which allows for the three conditions (28b-d) to collapse to only two conditions C (η = 1) = 0 and C(η → ∞) → 1. Using these conditions the solution to equation (31) is
where erfc (z) = 2/ √ π ∞ z dx e −x 2 is the complementary error function. Substituting equation (32) 
The final asymptotic formula for the film thickness is therefore
which displays the typical ∼ T behavior expected for an interface that grows by diffusive processes.
For late times t → ∞, the leading term n = 1 in the expansion (23) surely dominates.
Moreover, I (T → ∞) ∼ 1, so we can simply evaluate the first eigenvalue λ 1 using equation (22) taking I = 1. We find λ 1 1.103, and equations (23) and (26) simplify to
Fortuitously, equation (34b) gives a uniformly excellent approximation to the exact result for all times (Fig. S3c ).
In this section, we have established the dynamics for the nucleation and growth of a condensed film on a microtubule. As long as these dynamics are fast compared to the 
Kinetic Monte Carlo simulations
We now consider the stochastic chemical kinetics involved in F branching factors binding to and unbinding from a microtubule lattice of length l coated with condensed protein.
We wish to determine the first time τ at which F factors find each other on the protein coated lattice for two different coating geometries: a uniform coating and a periodic coating of droplets with spacing λ. This serves as a model for how multiple necessary factors may find each other on a microtubule and subsequently nucleate a branch, and we
seek to answer the question of whether a periodic coating of protein droplets accelerates this process.
For concreteness, we choose l = 5 µm and λ = 0.25 µm, although these choices do not affect the results. We fix d = 25 nm to be the distance below which we consider the F factors to have colocalized, which is the typical size of a γ-TuRC. Let N (Fig. 4a ), so the total length of available binding sites is L = l for a uniform coating and L = l/2 for a periodic coating. One dimensionless number we anticipate affects the dynamics is the ratio of unbinding to binding timescales, which we define as s = 1/k off 1/konl . We set k on = 1.1 · 10 −3 µm sec −1 [4] and study the dynamics with respect to s, keeping in mind that microtubule associated proteins bind tightly so that s > 1. We assume binding and unbinding events are Poisson processes with rates r α,on (t) = k on LN The dynamics are updated using a standard Gillespie algorithm [28] . In this scheme time is updated by the rule t i+1 = t i − log (1 − u) /m, where u is a uniform random variable on [0, 1] and m = α r α,on (t i ) + r α,off (t i ). One event is then realized at time t i+1 , a binding event of a factor of species α with probability P Considering F = 2, which is the minimum number of distinct factors needed for branching nucleation, we find that a periodic coating is more efficient at colocalizing factors than a uniform coating for all relevant values of s and N ( Fig. S5a ). Of course, as N increases the time τ to colocalize decreases, as there are simply more factors that can sample the lattice. As s decreases, the factors are more likely to unbind and hence can more efficiently sample the lattice, and so τ correspondingly decreases. We also provide a typical histogram that shows a long time tail, characteristic of Poissonian chemical kinetics (Fig. S5b ).
Experimental materials and methods

Protein expression and purification
Recombinant GFP-TPX2 was purified as previously described [4, 36] . Full-length TPX2 or C-terminal TPX2 (amino acids 377 to 716) tagged on the N-terminus with Strep-6xHis-GFP-TEV was cloned into the pST50 expression vector. TPX2 was expressed in E. coli (strain DH5α (New England Biolabs)) for 7 hours at 25 • C and the cells lysed using EmulsiFlex (Avestin) in lysis buffer (50 mM tris-HCl, pH 8.0, 150mM imidazole, 750 mM NaCl, 2.5 mM PMSF, 6 mM BME, 1 cOmplete TM EDTA-free Protease Inhibitor tablet (Sigma), and 1000 U DNase I (Sigma)). Then, the protein was affinity purified using Ni-NTA beads in binding buffer (50 mM tris-HCl pH 8.0, 750 mM NaCl, 15 mM imidazole, 2.5 mM PMSF, 6 mM BME). Next, the protein was eluted with 200 mM imidazole, and the protein was pooled and diluted 4-fold to a final NaCl concentration of 200 mM. After, nucleotides were removed from the eluted protein with a HiTrap Heparin HP column (GE Healthcare). Protein was bound to the column in 250 mM NaCl and then isocratic elution was done in 750 mM NaCl. Solutions were prepared in Heparin buffer (50 mM tris-HCl, pH 8.0, 2.5 mM PMSF, 6 mM BME). Finally, peak fractions were pooled and Recombinant GFP-tagged augmin holocomplex was purified as previously described [18, 37] . Briefly, Sf9 cells were coinfected with several baculoviruses, each carrying a subunit of the augmin complex, at multiplicity of infection (MOI) values of 1-3. Cells were collected and lysed 72 hours after infection. Augmin subunit HAUS6 had an N-terminal ZZ-tag, subunit HAUS2 had a C-terminal GFP-6xHis, and the other six subunits were untagged. The complex was affinity purified using IgG-Sepharose (GE Healthcare) and eluted via cleavage with 100200 µg of GST-HRV3C protease. The HRV3C protease was subsequently removed using a GSTrap 5 mL column (GE Healthcare). The sample was further purified and concentrated using Ni-NTA agarose beads. The protein complex was dialyzed overnight into CSF-XB with 10% (w/v) sucrose. Augmin was flash frozen in liquid nitrogen and stored at -80 • C until use.
γ-TuRC was purified from X. laevis meiotic cytoplasm as done previously [18] . First, 5-10 mL of cytoplasm was prepared from X. leavis eggs using standard procedures [38, 39] and 10-fold diluted in CSF-XB with 10% sucrose (w/v), 10 µg each of leupeptin, pepstatin, and chymostatin, 1 mM GTP, and 1 mM DTT. The larger particles in the cytosol were removed by low-speed centrifugation at 3000 g for 10 minutes at 4 • C. The supernatant was 2-fold diluted with buffer and passed through 1.2 µm, 0.8 µm and 0.22 µm pore size filters. γ-TuRC was precipitated by adding a solution of 6.5% (w/v) PEG 8000 to the filtrate on ice for 30 minutes. After centrifuging at 17000 g for 20 minutes at 4 • C, the pellet was resuspended in 15 mL of CSF-XB with 10% sucrose (w/v), 10 µg each of leupeptin, pepstatin, and chymostatin, 1 mM GTP, 1 mM DTT, and 0.05% (v/v) NP-40 detergent. The resuspension was centrifuged at 136000 g for 7 minutes at 4 • C. Then, protein A sepharose beads (GE Healthcare) were used to pre-clear the supernatant for 20 minutes at 4 • C. The beads were removed via centrifugation. 2-4 mL of γ-tubulin antibody at 1 mg/mL was added and the mixture was rotated for 2 hours at 4 • C. After this, 1 mL of washed protein A sepharose beads was incubated with the sample on a rotator for 2 hours at 4 • C. The beads were collected by spinning and then transferred to a column with CSF-XB with 10% sucrose (w/v), 10 µg each of leupeptin, pepstatin, and chymostatin, 1 mM GTP, 1 mM DTT, and 0.05% (v/v) NP-40 detergent. The beads were washed with CSF-XB with 10% sucrose (w/v), 10 µg each of leupeptin, pepstatin, and chymostatin, 1 mM GTP, 1 mM DTT, and 150 mM additional KCl, then with CSF-XB with 1 mM ATP, and finally with CSF-XB to remove the ATP. For biotinylation of γ-TuRC, done for visualizing the reconstitution using fluorescence microscopy, 25 µM of NHS-PEG4biotin (Thermo Scientific) was incubated with the beads in CSF-XB for 1 hour at 4 • C, and unreacted reagent was washed away with CSF-XB before elution. To elute γ-TuRC from the beads, 2 mL of a γ-tubulin peptide (amino acids 412451) at 0.5 mg/mL in CSF-XB was added to the column and incubated overnight. The eluted sample was collected from the column the following day. γ-TuRC was then concentrated using a 100 kDa centrifuge filter (Amicon). This concentrated sample was loaded onto a 10-50% (w/w) continuous sucrose gradient in CSF-XB buffer with 10 µg each of leupeptin, pepstatin, and chymostatin, 1 mM GTP, and 1 mM DTT. The gradient was centrifuged for 3 hours at 4 • C at 200000 g in a TLS55 rotor (Beckman). Fractions of the sucrose gradient were collected manually from the top of the gradient. The fractions with the highest γ-tubulin signal as determined by western blot were combined and concentrated as above using a 100 kDa centrifuge filter. Purified γ-TuRC was used within two days without freezing and kept on ice.
The kinesin-1 fragment K560-GFP was purified as previously described [40] . Amino acids 1-560 of human conventional kinesin tagged on the C-terminus with GFP and 6xHis was cloned into pET17B vector [40] . K560-GFP was expressed in E. coli for 4 hours at 37 • C and the cells lysed as above using lysis buffer (50 mM NaPO 4 , pH 8.0, 250 mM NaCl, 1 mM MgCl 2 , 20 mM imidazole, 10 mM BME, 0.5 mM PMSF, 0.5 mM ATP, 1 cOmplete TM EDTA-free Protease Inhibitor tablet, 1000 U DNase I). Then, K560-GFP was affinity purified using a HisTrap HP column (GE Healthcare) using binding buffer (50 mM NaPO 4 , pH 8.0, 250 mM NaCl, 1 mM MgCl 2 , 20 mM imidazole, 10 mM BME, 0.5 mM PMSF, 0.5 mM ATP) and eluted using binding buffer at 500 mM imidazole. Peak fractions were pooled and dialyzed overnight at 4 • C into CSF-XB buffer.
Proteins used to visualize branching microtubule nucleation in X. laevis meiotic cytosol, ranQ69L and EB1-mCherry, were purified as previously described [41] . RanQ69L, which was N-terminally BFP-tagged to improve solubility, was expressed and lysed as 
Xenopus laevis meiotic cytosol preparation and immunodepletion
Meiotic cytosol, also known as CSF extract or egg extract, was prepared from Xenopus laevis eggs using standard protocols [38, 39] 
Polymerization of GMPCPP-stabilized microtubules
For TIRF microscopy experiments, double-cycled GMPCPP-stabilized microtubules were prepared [42] . Bovine tubulin at 20 µM was polymerized in BRB80 (80 mM K-PIPES, For electron and atomic force microscopy, bovine tubulin at 20 µM was incubated in BRB80 with 10 mM GMPCPP (Jena Bioscience) on ice for 5 minutes and then centrifuged 90 kRPM in a TLA100 rotor (Beckman) at 4 • C for 15 minutes. The supernatant was then incubated at 37 • C for 30 to 60 minutes to polymerize microtubules. Finally, the reaction mixture was 5-fold diluted and microtubules were pelleted via centrifugation as above at 27 • C for 5 minutes. The supernatant was discarded and microtubules resuspended in the original volume of BRB80. Microtubules were made fresh for each imaging day and diluted 500-fold for electron microscopy and 10-fold for atomic force microscopy.
TIRF microscopy
Total internal reflection fluorescence (TIRF) microscopy was done using a Nikon TiE microscope with a 100x magnification, 1.49 NA objective. An Andor Zyla sCMOS camera was used for acquisition. Images were acquired using NIS-Elements software (Nikon).
For imaging of the reconstitution of branching microtubule nucleation, the objective was heated to 33 • C using an objective heater (Bioptechs).
Visualizing TPX2 on microtubules using TIRF microscopy
Unused coverslip-bottomed culture well plates (Grace BioLabs) were functionalized with anti-Biotin antibody (Abcam) at 0.1 mg/mL concentration at room temperature for 10 minutes. Excess antibody was washed out by serially diluting in buffer (CSF-XB at 50-60 mM KCl or BRB80) three times, and then blocked with κ-casein at 1 mg/mL. Excess κ-casein was washed out by serially diluting in buffer as above. Then, microtubules were allowed to settle and bind the coverslip surface for 10 minutes at room temperature and then unbound microtubules were removed via serial dilution as above. TPX2 was then pipetted into the wells during image acquisition, to visualize TPX2 coating and forming droplets on microtubules.
Reconstitution of microtubule branching nucleation in vitro
Branching microtubule nucleation was reconstituted in vitro using purified proteins as was done recently [18] . Briefly, microtubules were attached to a flow chamber made with PEGpassivated and biotinylated glass coverslips. A mixture of TPX2 (0.05 µM), augmin (0.05 µM), and γ-TuRC was incubated on ice for 5 minutes and then flowed into the chamber.
Proteins were allowed to bind microtubules and excess protein was flowed out. 
Visualizing branching microtubule nucleation from TPX2coated microtubules in X. laevis meiotic cytosol
Visualization of branching microtubule nucleation from TPX2-coated microtubules was done as previously described [4] . Briefly, coverslips were etched and cleaned using KOH and then silanized, following a previously described protocol [42] , and used to make a microscope flow chamber. Then, a TPX2 fragment (amino acids 320631) that does not promote or inhibit branching microtubule nucleation [36] was flowed into the chamber at 4 µM. The protein was allowed to bind the coverslip at room temperature for 10 minutes.
Excess protein was washed out using BRB80. Then, κ-casein at 1 mg/mL was flowed in and incubated at room temperature for 10 minutes to passivate unfunctionalized regions of the coverslip, and washed out as above. Next, TPX2-depleted meiotic cytosol with 0.9
µM Cy5-labeled tubulin and 0.5 mM vanadate was flowed into the chamber. Microtubules generated in cytosol were allowed to bind the coverslip. The cytosol was washed out using CSF-XB with 10% sucrose. 0.1 µM GFP-TPX2 was incubated with meiotic cytosol for 20 minutes, and then this cytosol supplemented with 0.1 µM GFP-TPX2, 10 µM ranQ69L, 0.9 µM cy5-labeled tubulin, 0.2 µM EB1-mCherry and 0.5 mM vanadate was flowed into the chamber. Initial TPX2 coating of the pre-attached microtubules and subsequent branching nucleation was visualized using TIRF microscopy.
Electron microscopy sample preparation and imaging
For experiments with TPX2 alone, microtubules were incubated for 5 minutes at room temperature on plasma-treated carbon grids (Electron Microscopy Sciences). Excess microtubules were wicked away, and then TPX2 diluted in BRB80 was pipetted onto the grids. TPX2 was incubated with microtubules on the grids for 1 hour to let droplets form, and kept in a humidity chamber to prevent evaporation. For experiments to see colocalization of γ-TuRC with TPX2 droplets, microtubules were first incubated with a mixture of 50 nM TPX2, 50 nM augmin, and γ-TuRC. The sample was diluted 10-fold with BRB80 and 5 µL of the diluted sample was immediately applied onto plasma-treated carbon grids. Then, for both experiments, samples were stained with 2% uranyl acetate.
Images were collected with a CM100 TEM (Philips) operated at 80 keV with 64000x magnification and recorded using an ORCA camera.
AFM sample preparation and imaging
Microtubules were bound to mica disks using divalent cations, as previously described [43] .
Mica disks were mounted on metal disks using double-sided sticky tape (supplies all from Ted Pella). A fresh mica layer was exposed by peeling off the previous layer using tape, and 1 M MgCl 2 was pipetted onto the mica disk and incubated at room temperature for 10 minutes. MgCl 2 was blown off using nitrogen gas and microtubules were immediately deposited onto the mica disk and allowed to bind for 10 minutes. Unbound microtubules were washed off using BRB80. The mica disk was mounted onto the AFM stage using a magnet.
AFM was done using the Bruker BioScope Resolve operated in peak force fluid tapping mode using PEAKFORCE-HIRS-F-A or -B probes (Bruker), with peak force set to 25 the stage to a different area of the sample to collect more data from microtubules that were not probed as the droplets formed. This confirms that the act of poking TPX2coated microtubules repetitively with the AFM probe does not generate the patterns.
For these microtubules, for which the initial film thickness was not measured, the film thickness used for Fig. 3c was the average of all film thicknesses measured in that sample, which was always within 1-2 nm. For the highest TPX2 concentration range tested, 0.8 ± 0.4 µM, larger topographies (4 µm × 4 µm, sampled 512 × 512 at a 0.5 Hz scan rate per pixel row so that the speed of the AFM probe was the same across the sample as in the smaller images) were taken once the patterns formed to enable sampling larger distances between droplets.
AFM data analysis
Raw AFM topographies were processed using Gwyddion data visualization and analysis software [44] to remove horizontal scarring and linear and polynomial background, and to align rows along the scan axis. Topographical line scans along bare, uncoated microtubules and along microtubules within one frame ( 4 minutes) of the initial TPX2 coating were drawn to determine the film thickness. Successive topographies of the same area were registered in FIJI (ImageJ) [45] using the StackReg and TurboReg packages [46] . To systematically measure the spacing between TPX2 droplets, Fourier transforms of line scans along TPX2-droplet-coated microtubules were taken using MATLAB. The Fourier transform decomposes a line scan into a spectrum of the power of all spatial frequencies in the original line scan. Multiple (at least 3) spectra per microtubule were averaged, and the inverse of the frequency at which the peak power in the averaged spectrum occurs corresponds to the spacing between TPX2 droplets (λ = 1/f ). Microtubules that broke apart or were too short to sample low spatial frequencies, and sections of microtubules that curved or were under crisscrossing microtubules, were excluded from analysis. Some line scans were high-pass filtered via a large smoothing window ( 300-400 nm) when they still exhibited local linear or polynomial background. To verify that the growth rate of the droplets was exponential in time, as predicted by theory, the power of the frequency corresponding to the droplet spacing was measured starting when TPX2 initially coated the microtubule to after the droplets had formed, for many microtubules. The power was then plotted over time. Table 1 : A summary of the in vitro conditions used in this study. In one set of conditions used for TIRFM ( 1 µM TPX2 and CSF-XB with 50-60 mM KCl, 1 mM GTP, and equimolar bovine tubulin), we observed droplets forming within a few minutes (Fig. 1a) .
In another set of conditions used for AFM and EM ( 0.05-1.2 µM TPX2 and BRB80 with no bovine tubulin or GTP), we observed droplets forming over tens of minutes (Fig. 2) . Therefore, different physicochemical conditions affect the timescale of the capillary physics, which is consistent with the hydrodynamic theory. In addition, the film thickness-and therefore the spacing between droplets-is sensitive to both the TPX2 concentration in bulk and the amount of microtubules in the sample (Fig. S3b , Supplement 1.2). Thus, the droplet spacing may vary between experimental methods. TPX2 concentration ± estimated range (µM)
Average peak wavelengths ± standard deviation (nm) 0.1 ± 0.05 220 ± 50 0.2 ± 0.1 260 ± 20 0.6 ± 0.3 300 ± 30 0.8 ± 0.4 310 ± 330 Table 2 : The peak wavelength for each concentration tested. Peak wavelengths are reported as the peak from bootstrapped average spectra ± standard deviation of the peak across samples. 
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